We prove that asymptotic Hölder absolute values are Hölder equivalent to classical absolute values. As a corollary we obtain a generalization of Ostrowski's theorem and a classical theorem by E. Artin. The theorem presented implies a new, more flexible, definition of classical absolute value.
Introduction. Asymptotic
Hölder absolute values generalize the notions of classical absolute value and of Hölder absolute value. A Hölder absolute value (HAV) satisfies an approximate triangle inequality and multiplicative property. More precisely, let C 1 ≥ 1 and C 2 ≥ 1. A (C 1 ,C 2 )-Hölder absolute value on a ring R is a mapping · : R → R + satisfying: (HAV1) for x ∈ R, x = 0 x = 0; (HAV2) for x, y ∈ R, x + y ≤ C 2 ( x + y ); (HAV3) for x, y ∈ R, C −1 1 x y ≤ xy ≤ C 1 x y . It is known that HAV on a ring are Hölder equivalent to a classical ones. More precisely, we have the following theorem (see [2] ). Theorem 1.1 (Hölder rigidity). Let · : R → R + be a (C 1 ,C 2 )-Hölder absolute value on a commutative ring R with unit element. There exists an absolute value on R, | · | : R → R + , which is (C α 1 ,α)-Hölder equivalent to · with α = log 2 (2C 2 ), that is, for x ∈ R,
Moreover, |·| can be defined by
For a ring R with unity, a real constant C 2 ≥ 1, and a function C 1 (·, ·) defined on ]1, +∞[×N taking values in [1, +∞[, we define a (C 1 ,C 2 )-asymptotic Hölder absolute value (AHAV) on R,
satisfying the three following axioms: (AHAV1) |x| = 0 if and only if x = 0; (AHAV2) for x, y ∈ R, |x + y| ≤ C 2 (|x|+|y|);
(AHAV3) for γ > 1 and n ≥ 2 there is a constant C 1 (γ, n) > 1 such that for x 1 ,..., x n ∈ R,
and L = lim n→∞ (1/n) log C 1 (γ, n) < +∞. We prove the following theorem. Theorem 1.2. Let R be a commutative ring with unity. Let C 2 ≥ 1 be a real constant, α = 1/ log 2 (2C 2 ), and · a (C 1 ,C 2 )-AHAV on R. We have the following dichotomy:
then · α is a Hölder absolute value on R, more precisely, it is (e Lα ,α)-Hölder equivalent to an absolute value on R.
As a result of Theorem 1.2(i), we can define classical absolute values as AHAV with C 2 = 1 having a sequence of constants (C 1 (γ, n)) n growing sub-exponentially, that is,
This is far more flexible than the classical definition. Note that, in general, Hölder equivalence is a metric property which is stronger than the usual topological equivalence, for example, {0} ∪ {1/n; n ≥ 1} and {0} ∪ {1/2 n ; n ≥ 1} are homeomorphic, but not Hölder equivalent.
Our theorem gives a generalization for discrete rings of Artin's theorem [1] .
-AHAV over a discrete field F , there exists an absolute value |·| and an exponent α, such that for all x in F , x α = |x|.
Also, our theorem implies a generalization of Ostrowski's theorem [3] for classical absolute values (C 1 = C 2 = γ = 1) over Z. Corollary 1.5. If · is a (C 1 ,C 2 )-AHAV over Z normalized, so that 1 = 1, then · is (e Lα ,α)-Hölder equivalent to a p-adic absolute value | · | p or to | · | ∞ or to the trivial absolute value, with α = 1/ log 2 (2C 2 ).
Remarks. (1) The constant C 1 (γ, n) in the definition of AHAV can be chosen to satisfy the inequality
where [a] denotes the integer part of a.
(2) Let C 2 ≥ 1 and let |·| :
(3) If R is a ring on which a (C 1 ,C 2 )-AHAV | · | is defined, then R is a discrete ring for the topology defined by |·|.
Weak subadditive lemma.
We prove a generalization of a classical lemma on subadditive sequences (which might be of independent interest). 
(1.14)
Taking the upper limit when m → ∞, 
(AHAV3) For all γ > 1 and for all n ≥ 2 there is a constant C 1 (γ, n) α > 1 such that for all x 1 ,...,x n in R,
(1.19) Lemma 1.9. Let x ∈ R and define the real sequence (a n ) n∈N by a n = | x n |. The sequence (a where L = lim n→∞ (1/n) log C 1 (γ, n) < +∞.
Proof. Let b m = log a m . The sequence {b m } is weakly subadditive, since for all γ > 1 and for all k ≥ 1 there is a constant K(γ, k) = (C 1 (γ, k)) α , such that Let γ > 1, for n ∈ N there is C 1 (γ, n) α satisfying
Taking nth roots,
This inequality holds for any γ > 1. Taking the limit when γ → 1,
Now we define that |·| : R → R + by |0| = 0 and that |x| = lim n→∞ | x n | 1/n for x ≠ 0.
Lemma 1.10. The function | · | : R → R + defined as above is an absolute value on R. Moreover, if lim n→+∞ (1/n) log C 1 (γ, n) = 0, then |x| = x α for all x ∈ R.
Proof. From Lemma 1.9, if lim n→∞ (1/n) log C 1 (γ, n) = 0, we obtain
(1.28)
It is clear that, |x| = 0 if and only if x = 0. Next we check the multiplicative property. For γ > 1 and for n ≥ 2 there exists C 1 (γ, 2) α > 1, such that for n ∈ N and x, y in R, C 1 (γ, 2) −α x n γ −1 y n γ −1 ≤ x n y n ≤ C 1 (γ, n) α x n γ y n γ .
(1.29)
Taking nth roots and passing to the limit when n → +∞, we obtain
(1.30)
Taking the limit when γ → 1, we have the desired multiplicative property. Finally, we have to check the triangle inequality. This is a corollary of the following general proposition that gives an equivalent, apparently weaker, definition of absolute value. for some positive constant M. Then for
Proof. Let m = [log 2 n] + 1 and complete the sequence (x i ) 1≤i≤n into (x i ) 1≤i≤2 m adjoining 0 elements. Thus by Proposition 1.11, the function | · | satisfies the triangle inequality, it is an absolute value, and · α is (e Lα ,α)-equivalent to |·|.
